Abstract. We use the natural homeomorphism between a regular CW-complex X and its face poset P X to establish a canonical isomorphism between the cellular chain complex of X and the result of applying the poset construction of [Cla10] to P X . For a monomial ideal whose free resolution is supported on a regular CW-complex, this isomorphism allows the free resolution of the ideal to be realized as a CW-poset resolution. Conversely, any CW-poset resolution of a monomial ideal gives rise to a resolution supported on a regular CW-complex.
Introduction
A plethora of commutative algebra research has centered on the search for combinatorial and topological objects whose structure can be exploited to give explicit constructions of free resolutions. Many approaches take advantage of the combinatorial data inherent in the Z ngrading of a monomial ideal N and produce a resolution of the module R/N. In particular, the search for regular CW-complexes which support resolutions has been quite active, due to the well-behaved nature and variety of construction methods for these topological spaces. For example, Diana Taylor's resolution [Tay66] may be viewed as a resolution supported on the full simplex whose vertices are labeled with the minimal generators of N. Bayer, Peeva, and Sturmfels [BPS95] take an approach which resolves a specific class of ideals using a canonical subcomplex of the same full simplex. More generally, a criterion for using regular CW-complexes to support resolutions is developed in [BS98] . More recently, these techniques were connected to discrete Morse theory in [BW02] , where a topological approach for reducing the length of regular CW resolutions is discussed. Furthermore, the individual techniques of Visscher [Vis06] , Sinefakopolous [Sin08] , and Mermin [Mer10] each use the framework of regular CW-complexes to describe resolutions of individual classes of ideals. Despite the richness of these results, Velasco [Vel08] showed that there exist minimal free resolutions of monomial ideals which cannot be supported on any CWcomplex. Velasco's result makes it clear that the structural framework provided by CW-complexes is too restrictive to encompass the entire spectrum of structures needed for supporting minimal free resolutions of monomial ideals, and thus a more flexible structural framework is needed.
The main goal of this paper is to provide an additional argument that the framework based on posets introduced in [Cla10] (and refered to as the poset construction) provides the necessary flexibility. Our main result, Theorem 1.6, is that the poset construction, when applied to the face poset of a regular CW-complex X recovers the cellular chain complex of X. As demonstrated in [Cla10] this provides a very useful criterion for checking if a given monomial ideal is supported on a regular CW-complex. The final evidence that the poset construction is the right tool to study the structure of minimal free resolutions of monomial ideals is given in [CT] , where it is shown that for every monomial ideal I there is a poset such that our poset construction applied to that poset supports the minimal free resoluton of I.
The paper is organized as follows. In Section 1 we extend the connection between the combinatorics and topology of regular CWcomplexes into the category of complexes of vector spaces. The underlying combinatorial structure of regular CW-complexes was established by Björner [Bjö84] as a way to classify those spaces whose poset of cellular incidences reflects the topology of the space itself. The first evidence that extending Björner's correspondence will be very useful was described by the first author in [Cla12] . Mermin's result is recovered there, using poset combinatorics and the correspondence of Theorem 1.6. Each of the constructions mentioned above [Tay66, BPS95, BS98, BW02, Vis06, Sin08, Mer10, OY] describe a topological structure for a resolution without explicitly using the combinatorial interpretation described in this paper.
In Section 2, we use Theorem 1.6 to reinterpret a variety of constructions for free resolutions of monomial ideals. There, we realize any cellular resolution as a CW-poset resolution. Lastly, we show that the general framework of poset resolutions serves as a common construction method for many classes of monomial ideals whose minimal resolutions have each been constructed using topological means. The value in using the combinatorial side of Björner's correspondence lies in the ability to use CW-posets to classify ideals which admit cellular (minimal) resolutions. Indeed, determining whether a resolution is supported on a regular CW-complex now amounts to determining whether the resolution is supported on a CW-poset. More generally, the result of Velasco makes clear the limitations of a purely topological perspective when constructing minimal resolutions. As such, we propose a shift in focus toward the more general notions of poset combinatorics when constructing resolutions, since many of the benefits of a topological approach appear naturally in the poset construction of [Cla10] .
Throughout the paper, the notions of a poset, its order complex, and that of an algebraic chain complex are assumed to be familiar to the reader. When describing a topological property of a poset, we are implicitly describing the property of the order complex of the poset. For a poset P , we write ∆(P ) for its order complex. When X is a regular CW-complex, we write P X for its face poset.
1. The complexes C(X) and D(P X )
Recall that a CW-complex X is said to be regular if the attaching maps which define the incidence structure of X are homeomorphisms. The class of regular CW-complexes is studied by Björner in [Bjö84] , who introduces and investigates the following related class of posets.
(1) P has a least element0, (2) P is nontrivial (has more than one element), (3) For all x ∈ P {0}, the open interval (0, x) is homeomorphic to a sphere.
Björner gives the following characterization of CW-posets, providing a connection between poset combinatorics and the class of regular CWcomplexes. Proposition 1.2. [Bjö84, Proposition 3.1] A poset P is a CW-poset if and only if it is isomorphic to the face poset of a regular CW-complex. Remark 1.3. Recall that a ranked poset P has the property that for every x ∈ P , all maximal chains with x as greatest element have the same finite length. Ranked posets admit a rank function and in the case of a CW-poset, the rank function rk : P X → Z takes the form rk(σ) = dim(σ) + 1. Note that the i-dimensional cells of a regular CWcomplex X correspond bijectively to poset elements of rank i + 1 in its face poset P X . A two-dimensional example of this correspondence is given in Figure 1 . sequel as Björner's correspondence) between a regular CW-complex X with collection of closed cells {σ} and the regular CW-complex ∆(P X ) whose set of closed cells is {∆(0, σ]}. Alternately, the space ∆(P X ) may be viewed as a simplicial complex whose vertices are indexed by the cells of X. In fact, ∆(P X ) is the abstract barycentric subdivision of X. Furthermore, the simplicial and cellular homology groups of ∆(P X ) (and those of subcomplexes corresponding to open intervals of the form (0, σ)) are isomorphic by applying the Acyclic Carrier Theorem (c.f. Theorem 13.4 of [Mun84] ) to the subdivision map X → ∆(P X ).
We now describe the algebraic objects that provide the setting for the results of this paper. Throughout, X will denote a a non-empty, finite-dimensional regular CW-complex. As is standard, we write X i for the collection of cells of X of dimension ≤ i (the i-skeleton) and C(X) for the cellular chain complex of X with coefficients in the field k. Precisely,
, the relative homology group in dimension i ≥ 0. Since X is nonempty, the (−1)-skeleton of X consists only of the empty cell and by convention, we consider C −1 to be a onedimensional vector space over k. More generally, the basis elements of the vector spaces appearing in the chain complex C(X) are in one-toone correspondence with the cells of X. Furthermore, when σ is a cell of X, the differential of C(X) takes the form
where the coefficients c σ,τ ∈ {−1, 0, 1} are the so-called incidence numbers and are determined by the chosen orientations of the cells of X. See Chapter IV of [Mas80] for details.
Let (P, <) be a poset with minimum element0. For p < q ∈ P where there is no r ∈ P such that p < r < q, we say that q covers p and write p ⋖ q. We briefly recall the construction of D(P ), a sequence of vector spaces and vector space maps, which owes its structure to the partial ordering and homology of open intervals in P ; see [Cla10] for a full description of this poset construction. In general, D(P ) is not necessarily a complex of vector spaces, and in the case when D(P ) is indeed is a complex, it need not be exact. For the remainder of the paper, we restrict discussion of the details of this construction as applied to the CW-poset P X .
The sequence
is constructed using the homology of the order complexes of spherical open intervals of the form (0, α) in P X . Let α be an element of the CW-poset P X and write ∆ α as the order complex of the open interval (0, α). For i ≥ 1, the vector spaces in D(P X ) take the form
(since each ∆ α is a sphere of dimension rk(α)−2), and
In order to describe the maps ϕ i for i ≥ 2, write D λ for the order complex of a half-closed interval (0, λ] ⊆ P X and take advantage of the decomposition
Next, appeal to the Mayer-Vietoris sequence in reduced homology of the triple
For notational simplicity when λ ⋖ α, let
for the map in homology induced by inclusion and
for the connecting homomorphism from the Mayer-Vietoris homology sequence of (1.5). The map ϕ i :
In the border case, the map ϕ 1 : D 1 → D 0 is defined componentwise as
We now state the main result of this paper. Theorem 1.6. Björner's correspondence induces a canonical isomorphism between the cellular chain complex C(X) and the sequence D(P X ).
Proof. Since all homology is taken with coefficients in the field k, we will omit it from the notation. By definition of the cellular chain complex we have
) through the realization of the relative homology of (X i , X i−1 ) as the homology of the quotient of the cellular chain complex of X i relative to the cellular chain complex of X i−1 . The CW isomorphism between (X, {σ}) and (P X , {(0, σ]}) induces the isomorphism
The equality
realizes the relative homology of a direct sum of quotients of chain complexes as the appropriate direct sum of relative homology groups. Lastly, we have the isomorphism
which is given by the connecting map in the long exact sequence in relative homology and is referred to as reindexing in the Appendix of [Cla10] . Thus, for every i ≥ 0, we have the following sequence of canonical isomorphisms:
The vector spaces C −1 and D 0 are each one-dimensional and are canonically isomorphic. Therefore, the isomorphism between the vector spaces appearing in the two chain complexes is established. It remains to show that this composition of isomorphisms commutes with the differentials of the sequences under consideration. Precisely, we must show that the following is a commutative diagram.
(1.7)
The commutativity of the bottom square above is immediate from Lemma 1.9, which is a general fact about poset homology. The commutativity of the remaining squares of (1.7) is a straightforward verification.
Turning to the machinery necessary for Lemma 1.9, let j ≥ 0 and write
where, to simplify notation, we write γ ⋖ j α when γ ≤ α and rk(γ) = rk(α)−j. Note that ∆
(1) α = ∆ α . Next, consider the long exact sequence in relative homology (1.8)
α . Lemma 1.9. Let P be a ranked poset. For each i ≥ 1 and α ∈ P the diagram
α using the ordering in the chain a σ 0 < · · · < a σ i ∈ P . Next, suppose that [w] is a representative for the homology class generated by the imagew
, where c σ ∈ k, and w β = Therefore, for each δ < α with rk(δ) = rk(α) − j − 1 the component of
On the other hand, since v β is a cycle, each w β,γ is a relative cycle for (∆
). As D is the connecting map in a long exact sequence in homology, we have
which upon reindexing becomes
Therefore, for δ < α with rk(δ) = rk(α)−j−1, the image in
the desired conclusion.
Free resolutions of monomial ideals
Let R = k[x 1 , . . . , x n ], considered with its usual Z n -grading (multigrading) and suppose that N is a monomial ideal in R. A CW-complex X on r vertices inherits a Z n -grading from the r minimal generators of N through the following correspondence. Let σ be a non-empty cell of X, and identify σ by its set of vertices V σ . Set m σ = lcm(m j | j ∈ V σ ), so that the multidegree of σ is defined as the multidegree of the monomial m σ . Clearly, the multigrading of X induces a multigrading on the face poset P X .
When X is Z n -graded, the cellular chain complex C(X) is homogenized in the usual way to produce a Z n -graded chain complex of Rmodules. Precisely, for any cell σ ∈ X, let Rσ be a rank one free Rmodule which has multidgree m σ . The complex F X is the Z n -graded R-module
Rσ with differential
For b ∈ Z n , write X b for the collection of cells in X whose multidegrees are comparable to b. Bayer and Sturmfels give the following characterization of CW-complexes which support free resolutions. We now give details of the homogenization of the sequence D(P X ). First, consider the map η : P X −→ Z n for the map induced by the multigrading on X. Next, define
a sequence of free multigraded R-modules and multigraded R-module homomorphisms. For i ≥ 1, we have
where the multigrading of x a ⊗ v is defined as a + η(λ) for any element
The differential ∂ i : F i −→ F i−1 in this sequence of multigraded modules is defined on the component F i,α as
Having established a commutative algebra interpretation for the objects of Section 1, we now state the motivating result of this paper.
Theorem 2.2. Let N be a monomial ideal and suppose that F is a resolution of N. The resolution F is supported on a regular CW-complex X if and only if F is a poset resolution supported on the CW-poset P X .
Proof. By Theorem 1.6, the homogenizations of D(P X ) and C(X) both produce the same chain complex.
Remark 2.3. Using the language of Peeva and Velasco [PV11] , the chain complexes D(P X ) and C(X) are isomorphic frames for the resolution F .
We now apply Theorem 2.2 to several well-studied resolutions of monomial ideals. Proof. Each of these resolutions are supported on a simplicial complex, as described by Mermin in [Mer12] . Hence, applying Theorem 2.2 to the face poset of the associated simplicial complex in each case recovers the desired CW-poset resolution.
Recall that a monomial ideal N is said to be stable if for every monomial m ∈ N, the monomial m · x i /x r ∈ N for each 1 ≤ i < r, where r = max{k : x k divides m}. Eliahou and Kervaire [EK90] first gave a construction for the minimal free resolution of a stable ideal, which Mermin [Mer10] reinterpreted as a resolution supported on a regular CW-complex. By using Björner's correspondence along with Theorem 2.2, we recover Mermin's result.
Corollary 2.5. The Eliahou-Kervaire resolution is supported on a regular CW-complex.
Proof. The main result of [Cla12] establishes that the Eliahou-Kervaire resolution is supported on an EL-shellable CW-poset (of admissible symbols). Theorem 2.2 therefore applies, and the minimal resolution is supported on the regular CW-complex whose face poset is isomorphic to this poset of admissible symbols.
Another well-studied combinatorial object which can be associated to a monomial ideal also serves as a source for CW-posets which support minimal free resolutions. Recall that the lcm-lattice of a monomial ideal N is the set L N of least common multiples of the minimal generators of N, along with 1 (considered to be the least common multiple of the empty set). Ordering in the lcm-lattice is given by m ′ < m if and only if m ′ divides m. The homological importance of L N was established by Gasharov, Peeva, and Welker in [GPW99] . Motivated by their work, the class of lattice-linear ideals was studied by the first author in [Cla10] .
Definition 2.6. Let F be a minimal multigraded free resolution of R/N. The monomial ideal N is lattice-linear if multigraded bases B k of the free modules in F can be fixed for all k so that for any i ≥ 1 and any e m ∈ B i the differential
has the property that if the coefficient c m,
With the extension of Björner's correspondence complete, the notion of lattice-linearity may be viewed topologically when the lcm-lattice exhibits a precise enough combinatorial structure.
Corollary 2.7. If the lcm-lattice of a monomial ideal is a CW-poset then the ideal is lattice-linear. Furthermore, such an ideal has a minimal cellular resolution.
Proof. Write N for a monomial ideal and L N for the CW-poset which is its lcm-lattice. Since L N is a CW-poset, the open interval (1, m) is homeomorphic to a sphere for every m ∈ L N . Theorem 2.1 of [GPW99] therefore guarantees that each monomial of L N corresponds to exactly one free module in the minimal free resolution of N.
Aiming for a contradiction, suppose that N is not lattice-linear. Hence, there exists a basis element e m ∈ B i for some i and a basis element e m ′ ∈ B i−1 for which the coefficient c m,m ′ = 0 in the expansion of the differential
Hence, there must exist ℓ ∈ L N for which m ′ < ℓ < m. However, the interval (1, m) is homeomorphic to an (i − 2)-sphere, and the interval (1, m ′ ) is homeomorphic to an (i − 3)-sphere. Since L N is a CW-poset, the open interval (1, ℓ) also is homeomorphic to a sphere. However, (1, ℓ) cannot be homeomorphic to a sphere of dimension i − 2, nor can it be homeomorphic to a sphere of dimension i − 3. Indeed, the order complex of (1, ℓ) is a proper subcomplex of the (i − 2)-dimensional sphere (1, m). Moreover, it contains the (i − 3)-dimensional complex (1, m ′ ) as a proper subcomplex.
Hence, (1, ℓ) must be a j-dimensional sphere where i − 3 < j < i − 2, a contradiction. Therefore, such a monomial ℓ cannot exist, which means that N is indeed lattice-linear. Write X N for the regular CW-complex whose face poset is isomorphic to the lcm-lattice L N . The cells of X N inherit their multidegree directly from the corresponding monomial in the lcm-lattice. Note that since L N is a lattice, then X N is a regular CW-complex with unique cell of top dimension, which has the property that any pair of cells intersect in a cell. Such a CW-complex is said to have the intersection property. Applying Theorem 2.2, the minimal CW-poset resolution supported on L N may be reinterpreted as a minimal cellular resolution supported on X N .
Remark 2.8. In fact, more can be said about monomial ideals whose lcm-lattice is a CW-poset. Indeed, such ideals are rigid in the sense of [CM13] . In general, a rigid ideal has a minimal free resolution with unique multigraded basis. In the case when the lcm-lattice is a CWposet, there is a unique regular CW-complex which supports the minimal multigraded resolution. The edge ideals of complete bipartite graphs studied by Visscher [Vis06] are a class of ideals whose lcm-lattice is a CW-poset.
In closing, we note that the property of an lcm-lattice being a CWposet is not a necessary condition for lattice-linearity or rigidity. The ideal given by Velasco, whose resolution is not supported on any CWcomplex [Vel08] is a lattice-linear, rigid monomial ideal and hence, admits a minimal poset resolution. There are many lattice-linear ideals whose lcm-lattice is not a CW-poset. The failure of topological methods to completely encode the structure of free resolutions allows us to consider the following natural questions, which are the subject of ongoing research.
Question 2.9. Which CW resolutions supported on a non-regular CWcomplex can be realized as poset resolutions? Can every resolution be realized as a poset resolution?
A positive answer to each of these two questions is given respectively in Wood [Woo] and Clark and Tchernev [CT] .
